Introduction
The role of quantum groups and quantum Lie algebras [1] in physics has its origin in the theory of vertex models [2] and the quantum inverse scattering method [3] . From the mathematical point of view, two of the most important developments have been their understanding in terms of the theory of noncommutative Hopf algebras [4] and their relation to non-commutative geometry [5, 6, 7] .
In recent years the study of quantum groups and quantum algebras has greatly diversified into several areas of theoretical physics. Based on quantum group ideas, a considerable amount of work was devoted towards a formulation of the so called q-deformed physical systems. These approaches are attempts to develop more general formulations of quantum mechanics [8] and field theory [9, 10] . The main motivation behind this type of projects resides in searching for new roles that quantum groups could play in physics other than the theory of integrable models. A successful and consistent formulation of a theory involving quantum group symmetries will have the potential of having new features no present in the standard q → 1 case. Besides, it will provide a more general, or alternative, framework to explain physical phenomena.
In this article we show the role that quantum group symmetries, in particular SU q (2), play in a thermodynamic system at high temperatures. We first display the quantum group covariant algebras, which will be used to build quantum group invariant hamiltonians, and then we will discuss the behavior of the corresponding quantum group gases at high temperatures, and show how the parameter q interpolates between a wide range of attractive and repulsive systems.
Quantum Group Covariant Algebras
As it is well known, boson and fermions operators satisfy
which, for i, j = 1, ...N, are covariant under SU(N) transformations. For the case of unitary quantum group matrices T the coefficients do not commute but satisfy for N = 2 the following algebraic relations
with the unitary condition [11] a = d, b = q −1 c and q ∈ R. Hereafter, we take 0 ≤ q < ∞.
A natural question to address is which are the quantum group analogues of Equation (1), which will tell us for example how to build quantum group invariant hamiltonians. The operator algebras covariant under the action of SU q (N) matrices were given in [12] 
where Ω = Φ, Ψ and the upper (lower) sign applies to quantum group bosons
where θ(j − i) = 1 for j > i and zero otherwise. Denoting the new fields
as Ω
T ij Ω j , the SU q (N) transformation matrix T and the R-matrix satisfy the well known algebraic relations [13] 
and
with the standard embedding
In particular, for N = 2, Equations (4) and (5) are simply written
which for q = 1 become the fermion and boson algebras respectively. These operator relations are very different than those satisfied by the so called q-fermions [14] and q-bosons [15, 16] , which are written respectively as c) q-fermions
where the bracket
It is simple to check that Equations (18)- (22) are not quantum group covariant, and therefore a quantum group action on the operators b i and a j cannot be defined. Hereafter, we discuss the thermodynamic properties of the systems described by the simplest quantum group invariant hamiltonians.
Quantum Group Fermion and Boson Models Quantum Group Fermion Gas
From Equation (13) we see that for quantum group fermions the occupation numbers are restricted to m = 0 or 1, and therefore SU q (N)-fermions satisfy the Pauli exclusion principle. For a given κ, a normalized state is simply written as
and the operator
A representation of the Ψ operators in terms of ordinary fermions ψ j is simply given by the following relations
where M l = ψ † l ψ l . The simplest Hamiltonian one can write in terms of the operators Ψ i is simply the one that becomes the free fermion Hamiltonian for q = 1. It is given by [17] H
where
With use of the fermion representation in Equations (25) and (26), the original Hamiltonian becomes the interacting fermion Hamiltonian
We see that the parameter q = 1 mixes the two degrees of freedom in a nontrivial way through a quartic interaction term. The grand partition function for this model is simply written as
which for q = 1 becomes the square of a single-fermion-type grand partition function. For a high temperature (or low density) gas, we expand the grand partition function Z F in terms of the fugacity z ≪ 1
where the functions α(q) and γ(q) are
Calculating the average number of particles M =
and reverting the equation to write the fugacity in terms of M gives for Equation
where Λ = 
The equation of state is given by the equation
Clearly, all these functions become, for q = 1, the thermodynamic functions for an ideal fermion gas with two species. The sign of the second virial coefficient depends of the value of q, implying then that the parameter q interpolates between repulsive and attractive systems. 
wherein the second virial coefficient is positive for all values of q, showing that this model , at D = 2, describes only interacting fermionic systems.
Quantum Group Boson Gas
A representation of the quantum group bosons in terms of boson operators φ i and φ † j , according to Equations (14)- (17), is simply given by
where the bracket {x} = 1−q 2x 1−q 2 and the boson number operator N i = φ † i φ i . Therefore, the simplest quantum group invariant Hamiltonian [18] 
with [Φ i,κ , Φ j,κ ′ ] = 0 for κ = κ ′ , becomes the interacting bosonic Hamiltonian
with the bracket {x} as defined below Equation (41). Now, it is simple to write the grand partition function Z B for this model. Introducing the chemical potential µ in the usual way gives
such that after rearrangement of equal power terms it simplifies to the ex-
In D = 3 the first few terms in powers of z read
such that performing the elementary integrations gives
Calculating the average number of particles N =
and reverting the equation we find for the fugacity
The internal energy, heat capacity and entropy functions in terms of the average number of particles N and q read
where the function Γ(q) = 
As expected, at q = 1 the coefficient δ(1) = 2 −7/2 , which is the numerical factor in the second virial coefficient for a free boson gas with two species. The free fermion δ(q) = −2 7/2 and ideal gas δ(q) = 0 cases are reached at q ≈ 1.78 and q ≈ 1.27 respectively.
A similar calculation for D = 2 leads to the equation of state
with η(q) =
. ]. At D = 2 this model behaves as a fermion gas at q = √ 5.
Since the SU q (2) boson gas at D = 2 also interpolates completely between bosons and fermions, we can find a relation between the parameter q and the statistical parameter α for an anyon gas [19] of two species. This relation is given by
where 0 ≤ α ≤ 1. The parameter q interpolates within a larger range of attractive and repulsive systems than the α parameter does.
Discussion
In this article we have discussed the high temperature behavior of quantum group gases. We considered the two simplest quantum group invariant Hamiltonians , which are those that become for q = 1 the free fermion or boson gases with two species. A representation of the quantum group fermions in terms of ordinary fermions leads to a fermion system with a quartic interaction whose coupling constant vanishes as q → 1. At high temperatures we Thus, at high temperatures the interactions that result by imposing SU q (2) symmetry in the simplest hamiltonian are such that these models, and in particular the quantum group boson model, offer an alternative approach in describing systems obeying fractional statistics in two and three spatial dimensions.
